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Re, 73.4; F, 7.51. Found: Re, 74.2, 74.0; F, 7.61, 7.60; 
atomic ratio Re:F, 1.00. 

Boiling and Melting Points.—ReO3F, sublimed a second 
time was refluxed in a glass tube, heated in a paraffin bath 
open to the atmosphere through a Mg(ClCU)2 drying tube. 
It boiled at 164° at 760 mm. Slow decomposition occurred 

during the measurement, as indicated by the formation of a 
dark residue. 

The melting point determined in sealed capillary tubes was 
147°. 
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[CONTRIBUTION FROM THE DEPARTMENT OF CHEMISTRY, NORTHWESTERN UNIVERSITY] 

The Possible Existence of a Reduced Potential Energy Function for Diatomic Molecules1 
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A reduced potential energy is defined as V/De where V is the potential energy, taking the zero for infinite separation of the 
nuclei. A reduced internuclear distance is defined as (R — Ra)Z(R11 — Rij) where R is the actual internuclear distance, R„ 
the equilibrium distance, and R^ a constant for a given molecule formed from atoms i and j . It is shown that there exists 
an approximate universal relation, in the neighborhood of the minimum, between these variables for the ground states of a set 
of 23 diatomic molecules, chosen only for the accuracy of their experimental data. Rv1 is interpreted as a measure of inner 
shell radii and is closely correlated with Badger's dij. 

I t is of interest to consider the possibility of a 
reduced potential energy function of diatomic 
molecules, i.e., a relation between a "reduced" 
potential energy and a "reduced" internuclear dis­
tance, analogous to a reduced equation of state. 

Let V be the potential energy of a diatomic 
molecule in the ground state or in any at t ract ive 
excited s tate taking the zero of energy a t infinite 
separation of the nuclei. Let R be the internuclear 
distance, Re being the equilibrium value. At the 
potential energy minimum V= —De where De 

is the dissociation energy (including the half quan­
tum of vibration). Now the simplest kind of re­
duced potential energy and distance would be 
defined as 

the theoretical calculations of Burrau4 and of 
Teller.6 

V = V/D. R' = R/R. (D 
in terms of which variables the P.E. minimum 
would be a t V = — 1 and R' = 1 for every molecule. 
A reduced P.E. in this form V/De has been used by 
Puppi 2 a while Davies2b has used the reduced dis­
tance R/Re. Puppi actually derived a reduced 
functional relation—his reduced distance variable 
being 

= R ~ R° 
y ReVD 

This was obtained by assuming a Morse P. E. func­
tion and introducing an empirical relation equiva­
lent to &i?e

2 = a constant, where k is the force con­
s tant . Puppi 's reduced equation is not universal 
as kR<? remains constant only within small groups 
of molecules. Furthermore his variable y is com­
plicated in t ha t it mixes distance and energy. 

The value of reduced variables as defined in (1) 
is shown in Figs. 1 and 2 where in Fig. 1, V is 
plotted versus R and in Fig. 2, V versus R' for the 
ground states of H2 and H 2

+ . Atomic units are 
used for Fig. 1. The variables of Fig. 2 are by 
definition dimensionless. The H 2 curves are plotted 
according to the modified Morse function of 
Hulbur t and Hirschfelder3 while the H 2

+ results are 

(1) A portion of this paper was presented at the Los Angeles Meet­
ing of the American Chemical Society, March, 1953. 

(2) (a) G. Puppi, Nuovo Cimenlo, 3, 338 (1946); (b) M. Davies, 
/ . Chem. Phys., 17, 374 (1949). 

(3) H. M. Hulburt and J. O. Hirschfelder, ibid., 9, 61 (1941). 

Fig. 1.—Potential energy curves for the ground states of 
H2 and H2

 + ; 1 atomic unit of energy = 27.2 e.v., 1 atomic 
unit of length = 0.529 A. 

A More General Reduced Internuclear Dis­
tance.—If P .E. functions for other than hydrogen 
molecules are plotted in Fig. 2 there is no general 
coincidence of curves. In particular, the curvature 
a t the minimum, which is related to the force 
constant, may vary considerably from molecule to 
molecule. This is not surprising inasmuch as an 
inner shell repulsion for all a toms other than hydro­
gen should influence the internuclear distance a t 
the minimum. To take this into account the defi­
nitions of equation 1 will be replaced by 

V = V/D. R' = (j? - Ra)Z(Re - Rv1) (2) 

where R^ is a constant for a given molecule and is a 
measure of inner shell radii of atoms i and j . Here, 
as before, the minimum is given b y V = — 1 and 
R' = 1. R' of (2) is identical with R' of (1) when 
Rii = 0 as it presumably is for H 2 and H 2

+ , there-

(4) O. Burrau, KtI- Danske Videnskab. Selskab., 7, 1 (1927). 
(5) E. Teller, Z. Physik, 61, 458 (1930). 
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fore, Fig. 2 g ives the funct ional relation for V and R' 
of (2) a s well a s for (1) . 
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Fig. 2.—Reduced potential energy plot for ground states of 
H2 and H2

+ . 

F o r o t h e r molecu le s t h a n H 2 a n d H 2
+ t h e r e d u c e d 

P . E . c u r v e s c a n n o t b e p l o t t e d w i t h o u t k n o w i n g t h e 
Rij v a l u e s . I t is a p p a r e n t t h a t a n Ra v a l u e cou ld 
a l w a y s b e f o u n d w h i c h w o u l d m a k e t h e c u r v a t u r e 
of t h e V(R') c u r v e a t t h e m i n i m u m t h e s a m e as for 
H 2 . I n s t e a d of p l o t t i n g s u c h c u r v e s w e shal l a s ­
s u m e t h a t a u n i v e r s a l f unc t ion exis ts in t h e ne igh ­
b o r h o o d of t h e m i n i m u m a n d de r ive f rom t h i s a r e ­
l a t i on b y w h i c h Ri1 c a n b e c a l c u l a t e d f rom expe r i ­
m e n t a l r e su l t s . If t h e so c a l c u l a t e d Ri, v a l u e s a r e 
in r e a s o n a b l e a g r e e m e n t w i t h t h e i dea of i n n e r shell 
i n t e r a c t i o n t h i s will c o n s t i t u t e e v i d e n c e in f avo r of 
t h e ex i s t ence of a u n i v e r s a l r e d u c e d P . E . func t ion . 

D e r i v e d Relat ion Involving the Force Cons tant .— 
A s s u m e V is a u n i v e r s a l f u n c t i o n of R' (of e q u a t i o n 
2 ) , i n d e p e n d e n t of w h i c h mo lecu l e is b e i n g cons id ­
e red . A t t h e m i n i m u m 

Zd2V 
\dR'2 K, a dimensionless constant 

S i n c e t h e force c o n s t a n t for inf in i tes imal a m p l i t u d e 
ke = (d 2 V/dR2)R = Re, i t follows6 t h a t 

or t h a t 

ke(Re - RM)VD, = K 

Rn = Re ~ (KDJk,)' 

(3) 

(4) 

q u a n t i t i e s a r e cons ide r ed t o b e a c c u r a t e l y k n o w n . 
I n s p e c t i o n of ,the t a b l e s h o w s t h a t R^ in gene ra l in­
c reases w i t h pe r iod ic ser ies c lass i f ica t ion a s ex­
p e c t e d . 

Also i n c l u d e d in t h e t a b l e a r e v a l u e s of B a d g e r ' s 

da for c o m p a r i s o n . 8 A l t h o u g h h i s ru l e 

ke(Re — da)3 = constant 

is p u r e l y e m p i r i c a l t h e s i m i l a r i t y t o o u r e q u a t i o n 3 
l eads o n e t o e x p e c t a s i m i l a r i t y in Rij a n d dij. 
T h i s s i m i l a r i t y is d e m o n s t r a t e d in F ig . 3 w h e r e i t 
a p p e a r s t h a t t o a t l e a s t a c r u d e a p p r o x i m a t i o n i?jj 
e q u a l s dy. 

TABLE I 

DIATOMIC MOLECULE DATA" AXD CALCULATED RESULTS 

T o e v a l u a t e K l e t u s first a s s u m e t h a t for H 2 a n d 
H 2

+ i?ij = 0. T h e n K m a y b e c a l c u l a t e d a s keRe
2/ 

Z?e- T h e r e s u l t is K = 4 .14 for H 2 a n d 3 .96 for H 2
+ , 

t h e s i m i l a r i t y in v a l u e s conf i rming t h e cho ice of Ri1. 
N o w t a k i n g K = 4 .00 a s a r o u n d e d a v e r a g e v a l u e , 
i?ij m a y b e c a l c u l a t e d for e a c h m o l e c u l e in any s t a t e . 
I n T a b l e I a r e g iven e x p e r i m e n t a l d a t a of ke, De 

a n d Re for a n u m b e r of mo lecu l e s in their g r o u n d 
s t a t e s a n d c a l c u l a t e d v a l u e s of Ri, f r o m 4 . T h e 
d a t a a r e f rom H e r z b e r g ' s t a b l e s 7 a n d i n c l u d e all 
molecu le s w h e r e v a l u e s of al l t h r e e e x p e r i m e n t a l 

(6) A referee of this paper has kindly called the authors' attention 
to the work of O. B. B. M. Sutherland, J. Chem. Phys., 8, 161 (1940), 
who has previously obtained a relation equivalent to (3). Although 
Sutherland assumed a special form of the potential energy function 
(double reciprocal type) his result may be considered as adding weight 
to the present more general argument. 

(7) G. Herzberg, "Spectra of Diatomic Molecules," 2nd Edition, 
D. Van Nostrand Co., Inc., New York, N. Y., 1950. 

Peri­
odic 
series 

0-0 

0-1 

0-2 

0-3 

0-4 

0-5 

1-1 

3-3 

2-4 

4-4 

Mole­
cule 

H2
 + 

H2 

CH 

OH 

HCI 
HCl + 

KH 
ZuH 
HBr 

CdH 

HI 

HgH 

Li2 

O2 

O2
 + 

ClF 

Xa2 

P2 

Cl2 

K2 

Br2 

ICl 

I2 

ke X 10"<>, 
dynes/ 

cm. 

1,575 
5.73 

4.45 
7.78 

5.17 
4.12 

0.562 
1.511 
4.11 

1.205 

3.139 

1.139 

0.255 

11.77 
16.59 
4.56 
0.1717 
5.56 
3.289 
0.0984 
2.453 
2.381 
1.723 

e.v. 

2.788 
4.745 

3.65 
4.58 

4.614 
4.64 

1.92 
0.949 
3.92 

0.765 
3.198 

0.460 

1 .05 
5.178 
6.60 

2.665 

0.74 
5.079 
2.510 

0.520 
1.991 

2.176 

1 .555 

0.025 

0.335 

0.585 

(1.650 

Re X 10', .Rij X 10', du X 10', 
cm. cm. 

- 0 . 0 0 5 1, 
+ 0.02 

0.40 
0.35 

0.52 
0.47 

0.77 
0.96 
0.64 

1.13 
0.80 

1.23 

1.05 
0.68 
0.62 

1.02 

1.42 
1.13 
1.29 

2.08 
1.57 

1.56 

1.91 

cm. 
1.06 
0.7417 

1.1198 
0.9706 

1.2746 
1.3153 

2.244 
1.5945 
1.414 

1.762 
1.604 

1.7404 

2.673 
I.2074 
1.1227 

1.6281 

.3.079 
1.894 
1.988 

3.923 
2.284 

2.321 

2.667 

0.680 

0.94 

1. 

> 1.48 

1.48 

1.76 

" Data from G. Herzberg, ref. 7. To calculate Ra from 
the data using equation 4 D6 must first be converted into ergs 
per molecule by multiplying by 1.602 X l O :2. 

Additional Ev idence from Anharmonic i t i e s .— 
T h e c o m p a r i s o n of t h e p r e v i o u s sec t ion i nvo lves 
on ly t h e c u r v a t u r e of t h e m i n i m u m of t h e p o t e n t i a l 
e n e r g y func t ion . T h i s is e q u i v a l e n t t o a c h e c k u p 
t h r o u g h t h e second degree t e r m in a T a y l o r ' s ser ies 
e x p a n s i o n of V as a func t ion of R a b o u t t h e p o i n t 
R = Re or of V as a func t ion of R' a b o u t t h e p o i n t 
R' = 1. A m o r e c o m p l e t e t e s t of t h e i d e a of a u n i ­
ve rsa l p o t e n t i a l e n e r g y func t ion is t o t e s t for con­
s t a n c y of t h e coefficients of h i g h e r p o w e r s s u c h as 
L/6 a n d M/21 of t h e t h i r d a n d f o u r t h d e g r e e t e r m s 
of t h e l a t t e r e x p a n s i o n . 

V = - 1 + 1Z-K(R' - I ) 2 + 1ZMR' - D 3 + 
1A4-VCi?' - D 4 + • •• (5) 

w h e r e 

7 = (*'V') 
KdR"-* J, 

and .1/ 
V d i ? ' J / V -

I t is well k n o w n t h a t t h e t h i r d d e r i v a t i v e oi a 

IS) Ii. M. Badger, / . Chem. Phys., 2, 128 (193-1); 3, 710 (1935). 
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TABLE II 

DIATOMIC MOLECULE ANHARMONICITY DATA AND CALCULATED RESULTS" 

Molecule 

H2
 + 

H2 

CH 
OH 
HCl 
HCl + 

K H 
ZnH 
HBr 
CdH 
HI 
HgH 
Li2 

O2 

O2
 + 

ClF 
Na2 

P2 

Cl2 

K2 

Br2 

ICl 
I2 

Av. 
% dev. 

1.4 
2.993 
0.534 
.714 
.3019 
.3183 
.0673 
.2500 
.226 
.218 
.183 
.312 
.00704 
.01579 
.01984 
.00436 
.00079 
.00142 
.0017 
.000219 
.000275 
.000536 
.000117 

cm. ̂ 1 

62 
117.995 
64.3 
82.81 
52.05 
53.5 
14.65 
55.14 
45.21 
46.3 
39.73 
83.01 
2.592 
12.073 
16.53 
4.0" 
0.726 
2.804 
4.0 
0.354 
1.07 
1.465 
0.6127 

_ /dfV 
\dR> 
X 10 

ergs cm. _ 3 

0.712 
3.70 
2.67 
5.44 
2.85 
2.30 
0.147 
0.713 
2.09 
0.566 
1.558 
0.656 
0.0548 
8.76 

14.30 
2.66 
0.0314 
2.652 
1.838 
0.0156 
1.058 
1.123 
0.775 

JR, Vd-RV; 
X 10"", 

ergs cm. "4 

0.2933 
2.34 
1.363 
3.36 
1.357 
1.092 
0.0253 

.1648 

.884 

.1778 

.684 

.1790 
0.00854 
5.41 
10.01 
1.506 
0.00275 

.954 

.607 

.000887 

. 2533 

.421 

.2616 

-L 
19.39 
18.76 
17.18 
17.11 
16.61 
18.92 
15.49 
12.06 
15.71 
11.82 
16.11 
11.63 
13.96 
15.70 
17.25 
14.26 
12.13 
14.69 
15.42 
11.61 
12.45 
14.38 
13.70 

U 
89.06 
86.82 
63.68 
65.34 
60.18 
76.77 
39.74 
17.85 
51.92 
23.68 
57.63 
16.21 
35.46 
51.71 
61.17 
49.6 
17.73 

40. 
35. 
12. 
21.68 
41.44 
35.40 

A i X 10» 
from L1 

cm. 

- 0 . 0 0 5 
+ 0.01 

.38 

.33 

.49 

.46 

.66 

.85 

.58 
1.02 
0.75 
1.14 
0.87 

.64 

.60 

.96 
1.15 
1.06 
1.24 
1.76 
1.46 
1.48 
1.82 

Ri: X 10s 

from M, 
cm. 

- 0 . 0 0 5 
+ 0 . 0 1 

.34 

.31 

.44 

.43 

.43 

.65 

.52 

.88 

.70 

.97 

.64 

.60 

.57 

.93 

.60 

.96 
1.12 

.91 
1.26 
1.40 
1.71 

(KM)1ZyL 

0.972 
.992 
.928 
.944 
.931 
.926 
.814 
.702 
.912 
.819 
.943 
.689 
.853 
.912 
.904 
.987 
.693 
.870 
.773 
.599 
.750 
.895 
.868 

L'/'/M 

0.585 
.575 
.695 
.675 
.705 
.657 
.972 

1.550 
0.758 
1.140 
0.706 
1.627 
0.948 

.760 

.729 

.698 
1.572 
0.883 
1.073 
2.165 
1.333 
0.845 
0.927 

° Data for ae and o)cxe from Hcrzberg, rcf. 7. 

diatomic molecule potential energy function is re­
lated to the spectroscopic constant ae and the fourth 
derivative to both ae and to oiexe as follows.9 

If V is expressed as the power series 
V = -De + aoSMl + oil + ^ 2 + ]hc (6) 

with 
R-Re 

15.06 43.48 0.855 0.982 
13.2 42.0 10.3 3 1 . 8 

Wc-Vc for ClF taken as 4.0 since value of 9.9 yields negative fourth deriva native. 

then 

and 

where w, 
stants.6 

Re 

fli = — 1 — aewe/6-Be
2 

5 , 2 COeXe 
(8) 

and Be are the usual spectroscopic con-
Also by differentiating (6) 

Zd3 IA 
\dR* JR. 
/d^V\ 

= 3o_i /cPFN 
Re KdR2Ji 

\dR0n-R, ~ Re''KdR2Jn-R, 
and by comparing with (5) and (2) 

L = (Re - Rn? 
De VdR3J R. 

= (Re - RMV (dW\ 
De KdR*J R -R. 

(9) 

(10) 

( H ) 

(12) 

Table II lists for the same molecules as in Table I 
experimental values of ae and coexe and calculated 
results for L and M using the Rj, values of Table I. 
The mean deviation of L and M from their aver­
ages, 13.2 and 42.0%, respectively, agree with the 

(9) See ref. 3 and also J. L. Dunham, Phys. Rev., 41, 721 (1932). 

existence of an approximate universal relation. 
Although these deviations are too large to warrant 
quantitative predictions there is significance to 
this result as shown by the fact that the experi­
mental quantities k, De, Re, ae and wexe individually 
vary through anywhere from a fivefold range to a 
thousand-fold range as seen in Tables I and II. 

Other columns of Table II show further tests of 
universality. Ra's may be calculated from equa­
tions 11 and 12 assuming constant values of £ and 
M. As done in the calculation for Table I it is 
only natural to choose L and M such that R1-, for 
H2 and H2+ are near zero. L is taken as —19.0 
and M as 88.0 (both dimensionless). The resulting 
Ra again follow more or less the periodic series 
classification. The i?jj from L indeed show a closer 
fit to the line of Fig. 3 than those plotted there. 

Additional tests are obtained by calculating 
various combinations such as K2/M, K'^/L, 
L'/'/M, and (KM)'WL. In all of these the i?e -
R1J cancels out so that no assumption has to be 
made concerning the Rij. Also for the last quan­
tity (KMY11IL the De is cancelled so that the quan­
tity depends only upon k, ae and ojexe. It is seen 
from the table that (KM)l/'/L has an average 
deviation of 10.3% and L'/'/M of 31.8%. 

Discussion 
It could hardly be expected that a universal 

reduced potential energy function would exist with 
any precision for all molecules and all states. 
There are too many known complexities such as 
differing natures of electronic spectroscopic states, 

file:///dR0n-R
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Fig. 3.—Plot of Ra versus da; distance in atomic units, 1 
atomic unit of length = 0.529 A. 

or especially the existence of ionic states where the 
potential energy at large distances would behave 
quite differently. Also perturbations between 
states may interfere. Nevertheless, it is evident 
that for a large group of states there is at least an 
approximate universal relation, at least in the 
neighborhood of the minimum. 

I t is at first disturbing that M, the fourth deriva­
tive in reduced variables, shows such a wide varia­
tion. However, it should be realized that this 
quantity is rather sensitive to the shape of the 
potential energy function and that the contribution 
of the corresponding fourth degree term in the 
expression for V is relatively small. To show 
that M can vary considerably without greatly 
affecting the total potential energy there is plotted 
in Fig. 4 V versus R' as calculated from the fourth 
degree equation 5 using K = 4.0 and L and M 
as listed in Table II. The curves include the case 
using average values shown as a full line together 
with the most extreme cases of Table II, H2 and K2, 
shown as dashed lines. The close coincidence of 
the curves is a visual indication of just how good 
is the concept of a universal reduced potential 
energy function for the set of molecules considered 
here. 

The treatment has been extended to some ex­
cited states with the same general results with 

- 0 . 4 

- 0 . 6 

- 0 . 8 

- 1 . 0 

1 I 

-V 
K A 

I I 

I I 

-

/ K 2 . 

I I 

0.8 1.0 
R'. 

1.2 1.4 

Fig. 4. — Plot of fourth degree reduced potential energy 
function: pull curve calculated with averaged constants; 
dashed curves for extreme cases of H2 and K%. 

certain striking exceptions. For example, calcula­
tion of K for the B, C and E states of H2 assuming 
i?ij = 0, yields 1.59, 4.64 and 5.01, respectively. 
The B state value differs most strikingly from the 
previous value of 4.00. This perhaps is due to the 
fact that the B state is ionic. 

It may be noticed that very few multibonded 
molecules are included in the list owing to un­
certain De data. I t is possible that the relations 
described in this paper might aid in choosing the 
appropriate value for a given molecule. Consider 
the cases of N2 and NO. For N2 the two values of 
De of 7.519 and 9.902 e.v. yield with equation 4 
R1J values of 0.636 and 0.568 A., respectively. 
For NO the De values of 5Al and 6.61 e.v. yield R{i 
values of 0.685 and 0.635 A., respectively. In both 
cases the lower De value produces best agreement 
with the Badger dij value of 0.680 A. However, 
this cannot be taken as strong evidence for the 
lower values of dissociation energies of these 
molecules as opposed to the currently favored 
higher values10 inasmuch as other 1-1 series mole­
cules in Table I show a wide variation of Rij values. 
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(10) See review by O. Olockler in "Annual Review of Physical 
Chemistry," Vol. 3, Annual Reviews. Inc., Stanford, California, 1B52, 
p. 158. Also M. H. J. Wijnen and H. A. Taylor, / . Client. Phys., 21, 
233 (1953). 


